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We study accelerating dynamics from Born-Infeld-f(R) gravity in a simplified conformal
approach without matter. In [6] it was derived eventually any Dark Energy cosmology from
above theory. In this Letter we apply the technique of [6] to show that Born-Infeld-f(R)
gravity may describe very realistic universe admitting the unification of early-time inflation
with late-time acceleration. Specifically, the evolution with periodic as well as non-periodic
behavior is considered with possibility to cross the phantom-divide at early or late-times.
Various cosmological observations support the current cosmic accelerated expansion. To ex-
plain this phenomenon, it is necessary to assume the existence of dark energy, which has negative
pressure, or propose that gravity is modified. Its a very natural approach for the universe evolu-
tion description where the early-time as well as late-time universe acceleration is achieved by the
modification of standard General Relativity [1]. This leads to the fact that unified description of
the early-time inflation with late-time dark energy is natural in modified gravity as was ¿ first
demonstrated by Nojiri-Odintsov [2] (for further unified models of this sort see refs [4]). However,
the transition from decelerating phase to dark energy universe is not yet well understood (possibly
because it is not clear what is dark energy itself).
Recently, there was an interest for theories of gravity formulated in the Palatini formalism,
so-called Born-Infeld theory [3].
The Palatini formulation brings a number of restrictions and additional constraints to the
metrics under consideration so that it turns out to be quite difficult to get consistent generalizations
of the original Born-Infeld model.
However, we have recently demonstrated that a non-perturbative and consistent generalization
of Born-Infeld gravity is possible in the form of a Born-Infeld-f(R) theory, which was introduced
in ref.[5].
It was shown in ref. [6] that Born-Infeld-F (R) gravity without matter maybe easily recon-
structed in conformal approach. In this way, it was derived eventually any Dark Energy cosmology
from above theory. In this Letter we apply the technique of [6] to show that Born-Infeld-f(R)
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2gravity may describe very realistic universe admitting the unification of early-time inflation with
late-time acceleration. Specifically, the evolution with periodic as well as non-periodic behavior is
considered with possibility to cross the phantom-divide at early or late-times.
In the present letter we consider the Born-Infeld-f(R) theory in conformal ansatz (see ref.[5, 6]
for full details), it may be used to discuss a number of interesting situations. In fact, we explicitly
construct unification of the inflation with late-time acceleration using metrics proposed in the [7].
We now propose a modified action Born-Infeld containing an arbitrary function f(R), where
R = gµνRµν(Γ) [5]:
S =
2
κ
∫
d4x
[√
|det (gµν + κRµν(Γ))| − λ
√
|g|
]
+
∫
d4x
√
|g|f(R). (1)
As noted earlier, we will work in the absence of matter, as soon as this case is realized in the
conformal approach. Under the conformal approach we understand the situation, when the metric
gµν and auxiliary metric (metric on which to build the Christoffel symbols, which are independent in
Pallatini formalism) are connected by transformation having the form of a conformal transformation
(gµν = Ωuµν). Varying the action (1) with respect to the connection we obtain the equation
∇α
[√
q
(
q−1
)µν
+
√
ggµνfR
]
= 0 , (2)
where
qµν = gµν + κRµν(Γ) (3)
and fR ≡ df/dR. The corresponding equation obtained by variation over the metric has the form
√
q
(
q−1
)µν − λ√ggµν + κ
2
√
ggµνf(R)− κ√gfRRµν = 0. (4)
Since we work conformal approach, it is sufficient to require the fulfillment of the following
conditions:
qµν = k(t)gµν . (5)
In this case we have an auxiliary metric uµν which defines the covariant derivative and hence
the Christoffel symbols
Γαµν =
1
2
uαβ (∂µuνβ + ∂νuµβ − ∂βuµν) . (6)
Here
uµν = (k(t) + fR)gµν . (7)
3For the condition (5) together with the definition qµν it is clear that the scalar curvature must
also be proportional to the metric gµν . One can write the relationship between the scalar curvature
and the metric as
Rµν =
1
κ
(k(t)− 1)gµν . (8)
Let us consider the spatially-flat FRW universe with metric
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) . (9)
The auxiliary metric will be given by the expression (7).
Let us denote the function connecting main and auxiliary metrics as u(t) = k(t) + fR. Suppose
now that Rµν = r(t)gµν where r(t) is easy to find from the Eq.(8). Finally, the equations take the
following form
r(t) = 3H2 +
3Hu˙
u(t)
+
3u˙(t)2
4u(t)2
, (10)
2H˙ = H
u˙(t)
u(t)
+
3u˙(t)2
2u(t)2
− u¨(t)
2
u(t)
. (11)
Here H is Hubble rate (H = a˙a). From these equations it is easy to get
u(t) = c r(t) (12)
where c is a constant. The remaining equations lead us to
H = ±
√
u
3c
− u˙
2u
. (13)
From this result, as shown in [5], the form of the function f(R) maybe found explicitly
f(R) =
2
κ
(λ− 1)−R+ c− κ
8
R2. (14)
A. Periodical behavior
One can consider several examples which is demonstrated how transitions between phantom
and non-phantom phases occur and that two phases are smoothly connected with each other [7].
Hence, there occurs the universe which contains several phantom phases corresponding to early time
inflation and late time acceleration. In between phantom phases will be the standard non-phantom
cosmology (radiation/matter dominated, expanding or shrinking one). In oscillating universe there
may appear several phantom/non-phantom transitions.
4Let us consider the universe with the scale factor of the following form
a = a0e
h0t− th1Cos(ν t)ν , (15)
where a0, h0, h1 and ν - are constants. Then the Hubble parameter takes the form
H = h0 + h1Sin (ν t) (16)
Let us now will look like relationship between metrics gµν and uµν , it is necessary to find solutions
to the equation (13):
u(t) =
4e−2h0t+
2h1Cos(ν t)
v(
2c± ∫ t1 √2eh1Cos(ν x)v −h0x dx)2 , (17)
note that for further discussion we will choose the plus sign in the expression (15), since it suffices
to choose negative constant c to obtain a second case.
The figure 1 illustrates the behavior of the scale factor (green line), the Hubble rate (blue
line), function u(t) (red line) and the effective parameter EoS (black line), which is defined by the
following expression
weff = −1− 2H˙
3H2
. (18)
When h0 > h1 > 0, H is always positive and the universe is expanding. Since
H˙ = h1νCos(ν t), (19)
when h1ν > 0, weff is greater than −1 (non-phantom phase) when (2n− 1/2)pi < ν t <
(2n+ 1/2)pi, and less than −1 (phantom phase) when (2n+ 1/2)pi < ν t < (2n+ 3/2)pi [7].
Thus, in our model occur oscillations between the phantom and non phantom phases. Further-
more, it is clear that the derivative of the Hubble rate vanishes when ν t = pi(n + 1/2) and we
get a situation where the Hubble rate becomes constant (H˙ = 0). We have several stages with an
effective de Sitter solution for different values of the scalar curvature. One of these stages can be
interpreted as inflationary, and as the next phase of accelerated expansion.
In our model, the scalar curvature is determined by auxiliary metrics and it will be proportional
to the function u(t). Behavior of the scalar curvature is illustrated in Figure 2: the green line is a
u(t) for the following values of the constants – h0 = 0.3, c = −0.1, h1 = 0.1 and ν = 1; blue line
is the graph of 10u(t) for h0 = 0.3, c = −5, h1 = 0.1 and ν = 1; and red line is a graph of the
scalar curvature constructed from the metric (15). We see that in our model, the scalar curvature
at large times tend to zero, and for a particular choice of constant have singularity. Whereas the
usual theory the scalar curvature constructed from the metric is a periodic function.
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Figure 1: scale factor (green line), the Hub-
ble rate (blue line), function u (red line)
and the effective parameter EoS (black line)
as a functions of t with the parameters
h0 = 0.3, h1 = 0.1, c = −5, ν = 1 and
a0 = 0.1.
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Figure 2: u (green line) for h0 = 0.3, c =
−0.1, h1 = 0.1 and ν = 1, 10u (blue line)
for h0 = 0.3, c = −5, h1 = 0.1 and ν = 1
and the scalar curvature constructed from
the metric (15) (red line) for h0 = 0.3, h1 =
0.1 as a functions of t.
B. Non Periodically behavior
Consider another example illustrating the transition between the phantom and non phantom
phases.
Suppose now that the metric has the form
a = a0
(
t
t0 − t
)h
0
, (20)
where a0, h0 and t0 are constants. For this metric the Hubble rate have the next form
H = h0
(
1
t
+
1
t0 − t
)
. (21)
From the equation (13) we obtain the next form of function u
u =
4(h0 − 1)2
(
1− tt0
)2h0
(t0 − t)2h0(
2(h0 − 1)th0
(
1− tt0
)h0
c± t(t0 − t)h0Hypergeometric2F1
[
1− h0,−h0, 2− h0, tt0
])2 ,
where Hypergeometric2F1 [a, b, c, z] is the hypergeometric function 2F1(a, b; c; z). Again, we shall
assume that in this expression selected plus sign. It is easy to find
weff = −4t− 2t0 + 3h0t0
3h0t0
and draw a graph fig.3 illustrating this model. When 0 < t < t0/2, the universe is in non-
phantom phase but when t0/2 < t < t0, it is in phantom phase. Hence, again the unified phantom
inflation/acceleration universe may emerge.
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Figure 3: scale factor (blue line), the Hubble rate (green line), function u (red line), the effective parameter
EoS (black line) and the scalar curvature constructed from the metric (20) (yellow line)as a function of t
with the parameters h0 = 0.1, t0 = 10, c = 2 and a0 = 0.1.
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